Deviations from Hawking's thermal black hole spectrum, observable for macroscopic black holes, are derived from a model of a quantum horizon in loop quantum gravity. These arise from additional area eigenstates present in quantum surfaces excluded by the classical isolated horizon boundary conditions. The complete spectrum of area eigenvalues indeed exhibits evenly spaced symmetry. This leads to an enhancement of some spectral lines on top of the thermal spectrum, and give signature of quantum gravity observable in radiation from primordial black holes. In fact, this makes it possible to test loop quantum gravity with black holes well above Planck scale.
A. Definition of the Positive Definite Quadratic Form: 40
I. INTRODUCTION
Most astrophysicists agree that black holes exist and radiate. So far three types of black hole radiations have been investigated: (i) the Hawking radiation, (ii) the gravitational radiation, and (iii) the X-ray emission from the infalling materials into a black hole. In this note, the quantum geometry of the horizon is, under certain assumption, shown to imply revision of the first type of black hole radiation.
The Hawking radiation is known semi-classically to be continuous. However, the Hawking quanta of energy are not able to hover at a fixed distance from the horizon since the geometry of the horizon has to fluctuate, once quantum gravitational effects are included. Thus, one suspects a modification of the radiation when quantum geometrical effects are properly taken into account. Any transition between two horizon area states can affect the radiation pattern of the black hole. The quantum fluctuations of horizon may either modify, altere or even obviate the semiclassical spectrum, [1, 2] .
Bekenstein and Mukhanov in [3] studied a simple model of the quantum gravity of the horizon in which area is equally spaced. They found no continuous thermal spectrum but instead black holes radiate into a few. The natural width of the spectrum lines turns out to be smaller than the energy gap between two consecutive lines. Thus, their simple model predicts a falsifiable discrete pattern of equidistant lines which are unblended. This result is not completely in contradiction with Hawking prediction of an effectively continuous thermal spectrum of black hole using semiclassical method, since the discrete line intensities are enveloped in Hawking radiation intensity pattern.
More recently, it has been possible to study the quantum geometry of horizons using precise method in loop quantum gravity. In the non-perturbative canonical approach, the quantum geometry is determined by geometrical observable operators.
Canonical quantization of geometry supports the discreteness of quantum of area. 1 However, this theory does not reproduce the conjecture of equally spaced of area in quantum scale, [6, 7] .
Having defined a black hole horizon as an internal boundary of space [8] , a subset of area eigenvalues contribute to identifying the horizon area quantum mechanically. This subset contains the corresponding area of an edge. Since the elements of this subset are not evenly spaced the discritization of emissive spectrum disappears, [9] .
Nonetheless, the idea of treating a horizon as a classical boundary of space, while fruitful in the classical theory, is too restrictive quantum mechanically. In the procedure of quantization of a classically internal bounded space the application of 'gaugefixing' of bulk connection fields on the horizon 'prior' to quantization is not a trivial quantization procedure. Such a quantization, while is too restrictive, leaves physical ambiguities. For instance in classical general relativity, spacetime metric field does not end at a black hole horizon, instead it extends through the black hole. Moreover, the existence of a classical non-influenceable barrier boundary as a part of the underlying manifold does not allow any quantum effects like the tunneling effect from within the horizon shell.
The advantage of a quantum isolated horizon is that finite number of independent degrees of freedom are allowed to reside on the boundary. However, recently it was revealed that any 2-surface quantum state in canonical quantum gravity exhibits a generic degeneracy under the action of area operator, [10] . An immediate consequence of this degeneracy shown in [10] , is that any surface in quantum geometry possesses a mathematical entropy. This quantitatively coincide with the Bekenstein-Hawking physical entropy for black holes. This coincidence suggest identifying the classical perturbation of a Schwarzschild black hole in its highly damped quasinormal mode as the appearance/disappearance of a quantum of area on the horizon, [11] . Thus, instead of looking for horizon degrees of freedom, one should investigate the methods by which a horizon spin network state can be identified.
In this picture, a black hole horizon, instead of being the cause of the termination of spin network, splits the embedding graph into three subgraphs: 1) the partition that reside outside of horizon, Γ ext , 2) the partition that reside inside of the horizon,
FIG. 1: A quantized black hole
Γ int , and 3) the partition that lie on the horizon 2-surface, Γ s . On the horizon surface some vertices and entirely tangential edges reside. A subset of the bulk edges (from both internal and external sides) are intertwined with the tangential edges at the vertices that reside on the horizon surface. The spin network state of a partition of the graph that consists of the horizon resident vertices, the so-called near-horizon partition, determines the whole quantum geometry of the underlying horizon, Fig  (1) . The spin network state associated to a spherical symmetric structure has been rigorously worked out in [12] .
The dynamics of a black hole is responsible for its unique character that refers to a finite region enclosed by the horizon state. In the lack of the ultimate Hamiltonian constraint operator, the operator-promoted relation between the horizon area operator and the black hole mass operator in a Schwarzschild black hole is assumed to be able to identify the horizon spin network state. In fact, a horizon area state is supposed to be the eigenstate of both of these two operators and thus be different from any random state.
The inclusion of residing vertices on the horizon underlying surface allows the horizon area to be made of the complete spectrum of area eigenvalues.
The aim of this note is two fold: firstly, in section (IV), it is demonstrated that the complete spectrum of area in loop quantum gravity, which is not equidistant, exhibits equally spaced symmetry. In other words, the spectrum is exactly equivalent to the mixture of infinite equidistant spectra. In fact, in SU(2) representation a quantum of area is proportional to an integer multiplied by the square root of a square-free number. In SO(3) group representation, a quantum of area is proportional to an integer multiplied by the square root of the discriminant of a quadratic positive definite form.
Secondly, it is discussed that having applied the complete spectrum of area a nonrotating neutral black hole radiates a continuous spectrum, in which due to quantum amplification effect there exist some bright lines which are visually discrete and mostly unblended. The envelope over the lines matches the Hawking radiation subject to fluctuations. While an observation can distinguish the isolated horizon picture from the near-horizon state picture, the macroscopic quantum effects that come out of the latter picture makes it possible to test loop quantum gravity with black hole radiation well above Planck scale.
This note consists of two major parts, which are mixed up in blended sections. Firstly, the equidistant symmetry in the complete spectrum of area eigenvalues is introduced in section (IV). In fact, it is justified that one of the three quantum numbers that identify the eigenvalues is redundant in the presence of the symmetry. Secondly, after giving a brief review of the Mukhanov and Bekenstein idea of radiance discritization, the attempts of detecting the loop quantum gravitational effects on the Hawking radiation from within a boundary-like horizon is briefly explained in section (II). By the introduction the near-horizon spin network state paradigm in section(III), the exotic spectroscopy of the near horizon spin network state radiation is illustrated in section (V). Finally it is discussed how this model is open to the current observational studies of primordial black hole radiations.
II. REVIEW OF THE BLACK HOLE DISCRETE RADIATION
In this section followed by the conjecture of equidistant area in [3] , firstly the quantum gravitational effect of the black hole radiation is reviewed. Afterwards, the quantum effects of the isolated horizon are briefly explained, [9] .
Spacetime may gravitationally collapse into a black hole. A black hole settles down classically to a stationary final state in which the zeroth law of black hole mechanics is satisfied; the surface gravity of the black hole final state is constant over its event horizon. Steven Hawking discovered that the physical temperature of a black hole at its final state may not be absolute zero. This result is based on a semi-classical assumption of quantum particle creation effect at the horizon. Although, the original derivations of this radiation was made of the notions of particle propagating into the black hole, the radiation is independent of the definition of particle, [13] . However, the assumption of how a black hole loses mass during the thermal radiation implicitly involves rigorous quantum gravitational assumptions.
Defining a black hole horizon as a quantum system, Jacob Bekenstein and Venceslav Mukhanov assumed that not only the horizon area is quantized in a tiny fraction of the Planck length scale but also its quantum area is uniformly spaced,
where n is a natural number, and ℓ P is Planck length, G/c 3 ∼ 1.6 × 10 −33 cm, which is drastically small.
Only one macroscopic parameter can explain a non-rotating uncharged black hole. In fact, a black hole mass is restricted to the values of the horizon area by the following relation
The discreteness of the quantum values of a horizon area leads to the discreteness of black hole mass.
Following the above definition of black hole as a quantum system with equidistant quantum of area in thermodynamical equilibrium, the radiation is analogous to quantum mechanical instability that leads to quantum decays. Having defined the energy of a non-rotating neutral black hole, the quantum transitions between neighboring energy levels causes quantum decay. A discrete mass spectrum implies the discreteness of mass emissions
where M P is the Planck mass,
Under the assumption that the black hole mass does not change during the quantum emissions, δM ≪ M, by the use of (3) the frequencies of emissive quanta are integers multiplied by the smallest frequency. This minimum frequency based on which other harmonics are defined, is called the fundamental frequency ̟,
Other emissive frequencies are harmonic frequencies ω n , which are proportional to this fundamental frequency by an integer n, ω n = n̟.
Under the uniformity assumption of the matrix elements of quantum transitions between near levels, the intensities of the spectral lines were worked out in [3] . The outcome turn out to be enveloped by the Hawking radiation intensity, whilst the allowed frequencies are discrete and equidistant. Moreover, it turns out that the thermal broadening of the lines are smaller than the gap between any two consecutive harmonics.
From the model three major conclusion come about, (i) there should be no lines with wavelength of the order of the black hole size or larger, (ii) the black hole radiance spectrum must be clearly discrete and the lines do not overlap, (iii) the radiance pattern is a uniformly spaced discrete lines. However, so far there has not been any justification for the equidistant spectrum of area from within the quantum gravitational theories.
Carlo Rovelli and Lee Smolin in [6] based on the loop canonical quantization of general relativity verified that the eigenvalues of the so-called area operator are discrete. However, the emergent spectrum of area associated to an edge turns out not to be almost equidistant in large scales. Later on, Abhay Ashtekar and Jerzy Lewandowski derived the complete spectrum of area operator in [7] . The spectrum is discrete, however it approaches continuum for large eigenvalues.
The first suggestion to describe a black hole as a boundary-like 2-surface was proposed by Krill Krasnov in [14] and the thermodynamics of black hole was investigated in it. Afterwards, Carlo Rovelli based on that picture discussed the black hole entropy in [15] . However, in all of these attempts only a subset of the complete spectrum of area has been considered, those which correspond to the area associated to an edge. The reason is that so far a black hole horizon has been defined as a classical non-expanding internal boundary. This boundary contributes in the Einstein-Hilbert action as a Chern-Simons surface action term and for the purpose of satisfying black hole thermodynamics enough number of restrictions and classical boundary conditions are imposed on the gravitational sector of spacetime, the so-called 'isolated horizon theory' [8] . In the presence of such a classical horizon in the manifold, the quantum edges of the embedding graph (based on which the spin network states are defined) end at the boundary, where they make 'punctures'. At each puncture the area is fluxed from bulk edge through the horizon, thus the overall area of the horizon 2-surface is a composition of some patches of area. The area of a patch (a puncture) depends on the irreducible dimension of the puncturing edge. For instance, a horizon-puncturing edge of corresponding 2j + 1 irreducible representation dimensional Hilbert space (the so-called spin j state) generate the area a j = 8πγ j(j + 1) ℓ 2 P on the boundary. These eigenvalues depend only on one quantum number j.
Since the quantum of area of each puncture is not uniformly spaced, a typical shrinking of a puncture area from an upper level to a lower do not coincide at the same emissive energy. In both SU(2) and SO(3) group representations, for small values of j the quantum of area is proportional to a number within the interval [j, j + 1], while as j grows up the quantum of area become approximately proportional to j. Therefore, the transitions from high levels into low levels do not coincide with the transitions from high levels into high levels. Thus, one-puncture decays produce the radiance spectrum of almost continuous high frequencies. On the other hand, it is important to emphasize that the relation between ∆A and ∆M in (3) is a classical equation and does not guarantee the occurrence of only one-puncture transmissions. A black hole may also radiates multi-puncture decays in its lowest damped modes. A multi-puncture decay is a set of punctures simultaneously undergo area shrinking in one go and produce a radiance quantum. For instance, consider a black hole which is made of three patches of area two of which correspond to punctures of spin 1/2 and the third one to spin 1. The overall horizon area is
P . This black hole may decay into a different geometrical configuration with two punctures of spin 1. In this case the horizon overall area is shrunk to A 2 = 8πγ(2 √ 2)ℓ 2 P . According to (3) the frequency of such a decay is proportional to
, which is quite lower from the minimal one-puncture energy decay. Such a typical multi-puncture emissions can take almost in any value.
Effectively, all emissions may occur with no significant preference. While such a prediction satisfies the Hawking pattern of radiation, since the populations of all frequencies are uniform, there is no notable quantization effect in the black hole radiation.
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In the next section, the second picture of black hole is reviewed and its radiance pattern is analyzed. 
III. THE NEAR-HORIZON SPIN NETWORK PARADIGM
A black hole is a classical concept and its definition is highly non-local, because one has to know the information of the entire spacetime manifold (Σ, g µν ), in order to find the entire causal past of a future null infinity. A black hole is a part of the manifold that does not intersect with this causal past part, where nothing can escape. This definition is not well-suited for the purpose of identifying a black hole region in a non-perturbative canonical quantized space. In fact, a more local criteria must be installed on the theory. There is general idea of defining a localized black hole horizon as a trapped region. A trapped surface inside which the trapped region is located, is a compact spacelike 2-surface with the special property: the light rays perpendicular to the surface at each point, no matter if they travel outwards or inwards, are bent into the trapped region.
In a more precise and local definition, a classical black hole horizon is a nonexpanding null surface, equipped with a null vector field of a constant self-acceleration. This idea gives rise to a quasi-local theory of black-hole in equilibrium.
one that was proposed by Livine and Terno in [16] .
Quantization of a black hole has not been understood yet, but those types of quantization are acceptable that do not make serious contradictions with the classical properties of a horizon. In non-perturbative context of quantum gravity there are several methods to define a black hole. For instance, recently a method for identifying the horizon state of a non-rotating black hole as a null eigenstate of a so-called 'nonexpanding' operator whose action identifies a black hole quantum state throughout its evolution, was proposed in [17] . In the causal dynamical triangulation approach, the local definition of black hole horizon is argued in [18] . In the context of canonical quantum gravity one candidate is the quantum isolated horizon. Moreover, Martin Bojowald in [12] tried to see a spherical symmetrical black hole state as a spin network state. Based on this idea, recently some of physical properties of the paradigm of treating a quantum black hole as a quantum spin network state was reported in [10] .
Having studied the continuous spectrum of radiation from a quantum isolated horizon, the radiation spectrum of the latter type of black hole are investigated in the rest of this note.
The horizon surface S of a Schwarzschild black hole belongs to the class of surfaces that has no boundary, ∂S = ∅ and divide the 3-manifold Σ into two disjoint sets Σ int and Σ ext such that Σ = Σ int ∪ S ∪ Σ ext with Σ int ∩ Σ ext = ∅. Thus, the graph Γ in the presence of underlying 2-surface S is split into three graphs: (i) Γ ext , which is contained in one side of S in the 3-manifold, (ii) Γ int , which is contained in the other side of S, and (iii) Γ s , which is contained inside S. Γ s consists of some residing vertices {v α } on S as well as some tangential edge lying entirely on the horizon surface
S.
In general, a residing vertex on S intertwines the bulk edges of external and internal sub-graphs, and tangential edge of Γ s . In other words, some of the bulk edges of the graphs Γ ext and Γ int intersect with the surface S at a point residing on S. The set of all edges whose corresponding vertex intertwiners reside on the surface S produce a partition of the graph called the near-surface region. Consequently, the quantum geometrical state of the surface is determined by the spin network state of the nearsurface partition region.
A bulk edge relative to S falls into two categories: (a) either it may bend tangentially at the point it crosses S, (b) or it intersects the surface at a point without bending at the surface on the point. The edges tangential to S (the analytical edges) should not be confused with the edges which intersect S but whose tangent vector at the intersection point is tangent to S.
For the purpose of studying the quantum area fluctuations the area states of the surface S are considered. The complete spectrum of eigenvalues of area operator acting on the spin network area state was first studied in [7] and a few months later was verified by the use of recoupling theory in [19] . Let the external and internal bulk edges posses the spin j u and j d , respectively. The two internal and external bulk edges may bend tangentially at the underlying 2-surface unto their joint intersecting vertex, their overall tangent vector j u+d , which is tangential to S contribute in the quantum of area. The spin of j u+d takes discrete values in the following bounded interval
For the purpose of determining the area of a 2-surface it is sufficient only to consider trivalent vertices and to collect quantum information of the bulk edges on each side of the surface and their tangent vector on S at the intersecting point. Such an state is the 'quantum area state' of the surface. However, for the purpose of quantum fluctuation of horizon area and its effects on the heat exchange only the horizon area states are sufficient and the rest of the quantum information is redundant.
The action of area operator on one area state corresponding to incident edges at a residing vertex on S entangles the external and internal edge of spins j u and j d together as well as to j u+d . Let us for simplicity define the color numbers corresponding to the three spins, p := 2j u , q := 2j d , and r := 2j u+d . The area squared operator acting on the trivalent state p, q, r| entangles two sides of the underlying surface (the shaded and unshaded sides),
where b := 8πγℓ 2 P . Using the reduction formulae of recoupling theory, the grasped states are identical to the original state,
Substituting (7) in (6) the squared area operator acting on p, q, r| turns out to become an eigenstate relation non-trivially. Thus, the trivalent area state p, q, r| is the eigenstate of the operator. Finally, the area eigenvalues turns out to be a = (4πγ) m ju,j d ℓ 2 P , where
Notice that the corresponding states to a compact closed surface can only gauge transform into another compact closed state. Therefore, a subspace of gauge invariant states those correspond to the compact closed surfaces are allowed to gauge transform into each other. Thus, further restrictions are imposed on this class of quantum states, [7] . The quantum states of a compact closed underlying geometry yields to those that satisfy the two conditions on the side bulk edge spins:
However, due to the existence of sum in these conditions, the spin of the majority of bulk edges in the near horizon region are left unconditional. In other words, the conditioned trivalent states among all ingredient states of the horizon state is one or a few.
Recently, it was demonstrated that corresponding to any area eigenvalue there exist at least one area eigenstate, [10] . In other words, there exist a set of area eigenstates corresponding to each area eigenvalue. Such eigenstates are the degenerate states of the eigenvalue. This degeneracy is generic and non-trivial. Having the gauge invariant set of area states corresponding to a compact closed surface, the quantum state of a surface is a degenerate state and a mathematical entropy can be attributed to it. However, the state of the finite region enclosed by 'horizon' is identified by the dynamics of black hole. In fact, the area state of a surface by itself cannot describe the heat exchange from a gravitational body. The condition that can identify an exact horizon state involves the momenta and not just the three geometry.
To identify the energy spectrum of a stationary Schwarzschild black hole, the operator-promoted relation of (2) between the macroscopic horizon area operator and the macroscopic energy operator is introduced. From the Einstein equation we know the decreasing of horizon area A by an amount ∆A is possible by injecting an infinitesimal amount of external energy ∆E throughout the horizon, provides another stable macrostate as the final macroscopic state of the black hole. By the use of (2) and classical general relativity, the infinitesimal macroscopic area ∆A is relevant to the ∆E via the relation ∆A = 32πG 2 E∆E. In other words, the quantum of area defines the quantum of energy only in a black hole. This is not the case for any random surface. Thus, no radiation and entropy can be associated to a non-black hole surface. 4 So far one of the expected properties of black hole has been verified. By fine-tuning the Barbero-Immirzi parameter from the classical perturbative quantum of energy in the highly damped quasinormal modes, Bekenstein-Hawking entropy has been verified, [10] .
Consider a number of vertices that lie on the horizon. Let j u+d the tangent vector of the bulk edges tangential to the horizon at the vertex. The area state j
u+d | describe the quantum area of the near horizon region at the vertex v α . Having defined corresponding spin network states for all vertices, the horizon area state is a 4 It is not so easy to define a surface without reference to a background metric or other fields.
One surface that can be defined in a background-independent manner is a black hole horizon. This is another property that distinguishes horizons from most other surfaces. In general, the question why a horizon carries physical entropy whilst a random surface does not, is subtle and still not understood fully. It seems to be basically a question of 'coarse-graining'. This is not only a property of canonical quantization of spacetime. For instance, in the causal dynamical triangulation, [20] , which is a non-perturbative path integral approach for the purpose of obtaining a 1+1 global geometry (a 2-surface) by triangular building blocks, up and down triangles with respect to time are equivalent to up and down spins with respect to a magnetic field, [21] . If one coarse-grain a 'spin' by ignoring the interior of some randomly selected region of the surface, one will obtain an entropy-like number. However, this number will not have the properties we normally associate with entropy. Most especially it will not necessarily be non-decreasing in the course of time. If the surface is a black hole horizon, it is believed that the second generalized law of black hole thermodynamics hold, and this justifies the calling of the resulting number a physical entropy. In other words, one has not understood black hole entropy unless one can explain why the total entropy is non-decreasing, [22] .
multiloop functional of these states,
where because of the normalization
The area operator acting on the decomposable horizon area state is defined aŝ
where the number of multiplied operators at each term is equal to the number of residing vertices on the black hole, say N.
The action of each one of the area operatorsÂ on j
u+d | is known from (6) with the corresponding area eigenvalue a (α) known from (8) . Thus, area operator acting on the horizon state is
which is equivalent to the horizon area. Therefore, the horizon area can be thought of being made of some patches of area a (α) .
In the next section, the emergent spectrum of area eigenvalues from the perspective of number theory is investigated.
IV. EQUIDISTANT SYMMETRY IN THE COMPLETE AREA EIGENVALUES
This section includes independent materials from any definition of black hole. Having known the complete spectrum of area a remarkable symmetry throughout the spectrum is identified. The complete spectrum of area eigenvalues (8) in each one of the two different group SU(2) and SO(3) representations can be split into the mixtures of equidistant sets of numbers.
The numbers that are generated from (8) in both representations are not integer in general. However, depending on the representation there are functions of m ju,j d that generate integer numbers.
In SO(3) group representation, the external and internal edges (j u and j d ) both take positive integer spins independently. By substituting these spins in (8) , the values of m ju,j d are not integers. However, instead of m ju,j d , evaluating the function 1 2 (m ju,j d ) 2 turn our to produce the natural numbers.
In SU(2) group representation, the function 4 (m ju,j d ) 2 produces the congruent numbers unto 0 or 3 mod 4. These numbers are also called the Skew Amenable numbers [23] . A list of the number are given in the following SU(2) subsection.
We study the symmetries of these sets in the following two subsections. One of the consequences of this symmetry is to verify that it is not necessary to specify an area eigenvalue by the use of three quantum numbers. In fact, in the presence of the symmetry one of the degrees of freedom in the spectrum is redundant. By determining the minimal required quantum numbers, we simplify the area eigenvalue formula of loop quantum gravity.
A. SO(3) Quantum Area and Square-free Numbers
By the evaluation of m ju,j d in SO(3) representation from (8) and performing the results in the form of
2 , non-negative integers are provided.
The fundamental theorem of arithmetic states that every positive integer (except the number 1) can be represented in exactly one way as a product of one or more primes, apart from rearrangement. This theorem is also called 'the unique factorization theorem'. Thus, prime numbers are the 'basic building blocks' of the natural numbers.
5 Decomposing any natural number into its prime numbers, the primes are either repeated or not. Collecting the natural numbers whose prime factors are not repetitive the square-free sequence of numbers are produced.
◮ Definition of Square-free Numbers: an integer number is said to be squarefree, if its prime decomposition contains no repeated factors. For example, 30 is square free since its prime decomposition 2 × 3 × 5 contains no repeated factors. In this note, this sequence is indicated by the symbol A. Some of the known square-free numbers are given in There is no known polynomial algorithm for recognizing square-free, [24] .◭ It is easy to investigate that any natural number is the multiplication of a squarefree number and a square number. For instance, consider the number 2
This number can be rewritten in the form
The first part is a square-free number and the second one is a square number. Consider the sequence of numbers that contain the same square-free factor multiplied by all square numbers. For example the sequence { 3, 12, 27, 48, 75, 108, 147, 192, 243, 300, · · · } is in fact 3 × n 2 for n ∈ N. This sequence can be written in the form 3 × {1, 
Proof: Any natural number can be written in terms of its prime factors, say p
i , where p 1 , p 2 , · · · , and p i are different prime numbers and the exponents n 1 , n 2 , · · · , n i are positive integers. These exponents are either even or odd numbers. In the most general case all of the exponents are different odd numbers, n i = 2m i + 1. Therefore, the above-mentioned number can be rewritten in the form
2 . Due to the assumption that the prime number p's are different, the first parenthesis is equivalent to a square-free number and the second parenthesis is nothing but n 2 for the natural number n = p
In table II, having the first 15 square-free numbers of A, the corresponding elements of the square generations ζN 2 are tabulated up to the first five elements. There is no common element in different square generations,
By taking square root from the elements of a square generation, say ζN 2 , the equidistant sequence √ ζN is produced. This sequence is called for simplicity a 'generation'.
Let us shortly review so far. The mixture of all square generations {ζN 2 } with ζ ∈ A emerges from within the canonical quantum gravity by evaluating Consequently, an area eigenvalues instead of being determined by three quantum numbers j u , j d , and j u+d , can be performed by two, a natural number and ζ, a n (ζ) = 4πγ 2ζ n ℓ
where n ∈ N and ζ ∈ A.
B. SU(2) Quantum Area and Positive Definite Quadratic Forms
In SU(2) representation, by substituting half-integer bulk spins in from (8) and evaluating the function 4(m ju,j d ) 2 , the Skew Amenable numbers.
◮ Definition of Skew Amenable numbers: in a simple definition these numbers are the page numbers of a book that is printed out only at the pages that come after each two leaves of sheets by face. This can be interpreted in a mathematical language as the congruent numbers to either 0 or 3 in mod 4. 188, 191, 192, 195, 196, 199, 200, etc 
It is known in number theory that any square integer number is the congruent to either 0 or 1 mod 4. On the other hand, there is a theorem that in the existence of two equalities x 1 ≡ x 2 (mod m) and x 3 ≡ x 4 (mod m) of the same modular m, it can be it is easy to verify that x 1 × x 3 ≡ x 2 × x 4 (mod m). Accordingly, having one of the two equality as x 1 = 0 or 3 (mod4) for a Skew Amenable number x 1 , and the 6 There is also another definition that a number n is skew amenable if there exist a set of integers [23] . For instance, the number 8 is a skew amenable because is can be decomposed into an 8 term sum as well as the negated product of exactly the same numbers: 8 = 1 + 1 + 1
Another example is 3, which satisfied the condition: 3 = 1 + 3 − 1 = −(1 × 3 × (−1)). equality x 2 = 0 or 1 (mod4) for a square number x 2 , the multiplication of these two produces a Skew Amenable number x 1 × x 2 = 0 or 3 (mod4) is generated. In other words, multiplying the complete set of Skew Amenable numbers and the complete set of square numbers, the product a subset of the Skew Amenable numbers is generated.
Having The negative of this sequence of numbers coincide with a well-known sequence of discriminants of the Positive Definite Quadratic Forms, [25] . The definition of the positive definite quadratic forms is explained in the Appendix (A) of this note.
Consequently, an Skew Amenable sequence of number, which is generated from the evaluation of 4(m ju,j d ) 2 in SU(2) representation, can be rewritten as an element of the set B multiplied by an integer squared. In other words, the elements of the set 4(m ju,j d ) 2 can be represented as square generations with representative elements of the set B. In table IV sixteen elements of the square generations whose representatives are the first five elements of the set B, is tabulated.
In the table (IV), all elements of the Skew Amenable numbers up to 44 are present and any extension of the table will produce all of the others up to any order. There is no common element in different square generations,
The complete spectrum of area eigenvalues m ju,j d is equivalent to the oneparameter family of the generations {( √ ζ/2)N}. Consequently, an area eigenvalues instead of being determined by three quantum numbers j u , j d , and j u+d , can be performed as a n (ζ) = 2πγ ζ n ℓ
where n ∈ N and ζ ∈ B.
Conclusion: In the above two subsections it was justified that the complete spectrum of area operator is indeed specified by two indices n and ζ, instead of three indices j u , j d , and j u+d , a n (ζ) = 4πγ χ ζ n ℓ
where n ∈ N. In SO(3) representation, ζ ∈ A and χ = √ 2. In SU(2) representation, ζ ∈ B and χ = 1/2. χ is the group characteristic parameter and ζ is the generation representative. Therefore, in both group representations, the area eigenvalues exhibit equally spaced symmetry which make one of the original labels redundant.
Having defined the area eigenvalues, the following Lemmas can be easily investigated: ◮ Lemma 1: Having two eigenvalues a 1 ∈ √ ζ 1 N, and a 2 ∈ √ ζ 2 N, where ζ 1 = ζ 2 , for any choice of the eigenvalues in the corresponding generations these two eigenvalues are not equal, a 1 = a 2 .◭ ◮ Lemma 2: Having two eigenvalues a 1 ∈ √ ζ 1 N, and a 2 ∈ √ ζ 2 N, where ζ 1 , ζ 2 ∈ A (or B) and ζ 1 = ζ 2 , there in no eigenvalue in any generation that is equal to a 1 ± a 2 . ◭
V. RADIATION
Let us briefly explain the main goal of the rest of the note. The quantum fluctuation of the horizon area of a Schwarzschild black hole may occurs at the state associated to one or more than one of the horizon residing nodes. Since in the complete spectrum of area the gap between consecutive eigenvalues decreases in greater eigenvalues, effectively a continuous set of radiance frequencies are expected. Now consider a transition from an upper area level, which belongs to the generation ζ 1 , into a lower area level, which belongs to the generation ζ 2 . While there is nothing special with transition between two levels of two different generations, the radiance intensities of a set of discrete frequencies which correspond to quantum leap of area between levels of the same generation (ζ 1 = ζ 2 =: ζ) get amplified. The reason is that within a generation the same emission may occur between many different pairs of levels. This discrimination leads to a set of broad and unblended peaks in the radiance pattern, which may be observable.
Decomposing the set of area eigenvalues into equidistant generations, each generation justifies the equidistant ansatz (1) after replacing α = 4πγχ √ ζ. The fundamental frequencies which are emitted by quantum leap inside a generation ζ is
In addition to the set of fundamental frequencies, there are lots of other frequencies. In general, the decays from a loop quantized black hole can be from 'single-state transitions', those transitions which occur between two area levels, or 'multi-state transitions', the simultaneous area shrinking of some area eigenvalues. Therefore, for the same reason that spelled out in section (II) it is obvious that the radiance spectrum of frequencies is effectively continuous.
In general, transitions fall into two categories: (i) the generational transition, the quantum jumps from a level to a lower level of the same generation, and (ii) the inter-generational transition, the quantum leap from a level into a lower level of different generation. The frequency corresponding to the first type of emissions is proportional to the fundamental frequency of the generation to which both the initial and final levels belong, ω n := n̟(ζ) for integer positive n. These frequencies are called harmonic frequencies of the generation ζ. Whatever frequency which is not of this type is non-harmonics.
The strategy of determining the intensity of radiation is as follows. The intensity of a emissive frequency is defined as the amount of energy radiating at that frequency per unit time and area. The energy corresponding to a frequency is proportional to the average number of its emissive quanta. To reach the goal, we follow up Bekenstein and Mukhanov mathematical procedure [3] . Firstly, it is assumed that the emissions occur in sequences. Accordingly, the probability of emissions in sequence is what requested. Determining the probability of sequences, one can calculate the probability of the sequence that contains a number of a certain frequency. Having this, the average number of emissive quanta at different frequencies are determined. Thus, the intensity of frequencies are found. We calculate the intensity and the natural width of lines and the corresponding temperature to a black hole in this section. For the matter of clarifying Bekenstein and Mukhanov's strategy of [3] we give the main axioms individually.
Axiom 1: Emissions occur in a time sequential order.
This was first proposed by Ulrich Gerlach at the surface of a collapsing star in [26] . From a black hole, as a possible ultimate state of a collapsing star, a quantum of energy may be emitted between two classical stationary states. Describing the decay of the black hole during any interval of observer time ∆t, a set of j individual decays are emitted in sequence {ω 1 , ω 2 , · · · , ω n }, successively. The probability of this sequence depends on the conditional probability of the sequence order and the probability of j time ordered decays. These two probabilities are determined individually.
◮ The probability of j decays: the probability of one jump (no matter of what frequency) in the course of time ∆t is shown by P ∆t (1) . Similarly, the probability of no jump is P ∆t (0). During the time interval 2∆t, the probability of no jump (the failure of decaying) is equal to the probability of the failure in each one of its two fragment of time intervals, P 2∆t (0) = [P ∆t (0)] 2 . The general solution of this functional equation is P ∆t (0) = exp(−∆t/τ ), where τ is the survival timescale of the black hole from decaying.
We let the horizon to decay a sequence of frequencies successively. Using the same argument, the probability of one jump (of any frequency) in time interval 2∆t is P 2∆t (1) = 2P ∆t (0)P ∆t (1). Therefore, P ∆t (1) = (∆t/τ ′ ) exp(−∆t/τ ).
The probability of 2 jumps in the time interval 2∆t can be written as P 2∆t (2) = 2P ∆t (0)P ∆t (2)+[P ∆t (1)]
2 . This formula can be extended to the probability of emission of 'even' number, say j, quanta in the time interval 2∆t to be
On the other hand, the probability of 3 jumps in the time interval 2∆t can be written as P 2∆t (3) = 2P ∆t (0)P ∆t (3) + 2P ∆t (1)P ∆t (2). This formula can deduce to the probability of emission of 'odd' number, say j, quanta in the time interval 2∆t to be
Generating all the probabilities starting from P ∆t (0) up to P ∆t (j −1) consecutively from the recursive formula (20) and (21), one can generate the probability of j emissions as a function of j and ∆t. The general solution for the probability of j decays is
in which by normalization τ ′ = τ . ◭ Consider a sequence of radiance frequencies {ω 1 , ω 2 · · · }. These frequencies might be harmonics or non-harmonics. For the purpose of determining the probability of this sequence let us begin with one jump (j = 1) in the course of time ∆t.
◮ The probability of one frequency emission: since the emissions are supposed to occur in time order, the probability of a sequence of decays is the product of conditional probability and the probability distribution of time ordering. Thus, the probability of a sequence of one dimension, {ω}, is P ∆t ({ω}) = P ∆t ({ω | 1})P ∆t (j = 1). This probability is not difficult to be determined. Before determining it the second axiom is mentioned.
Spectroscopy of a canonically quantized horizon

Axiom 2: The entropy of a Schwarzschild black hole is dominantly
Entropy is defined as the logarithm of the number of microstates. Using this definition, the degeneracy g(A) of a horizon of area A is dominantly g(A) = exp(A/4ℓ 2 P ). The horizon area of a loop quantum black hole is made of N patches of area eigenvalues, A = N i=1 a i . Therefore the black hole degeneracy is in fact g(A) = exp(
On the other hand, the overall degeneracy g corresponding to a system that is made of N subsystems each with individual degeneracy g i , is g = N i=1 g i . Due to the Lemma 2, the contribution of each generation in the horizon area A cannot be replaced by the combination of area levels of the other generations. Therefore, the macroscopic horizon area is split into its ingredient area contribution of each generation, g(A) = ζ exp( i a i (ζ)/4ℓ 2 P ). Therefore, the degeneracy associated to the generation τ is g(ζ) = exp( i a i (ζ)/4ℓ 2 P ), where i indicates the levels of the generation that contribute in the horizon area making. Since each generation is equidistant, all level that contribute in the horizon area from one generation sum into a level inside the same generation, say the level n. In other words, i a i (ζ) =: a n (ζ). Consequently, the degeneracy g(ζ) can be thought of being the degeneracy associated to the level n of the generation, g(n; ζ) = exp(a n (ζ)/4ℓ 2 P ). By the use of equation (18), the degeneracy of a typical level a n (ζ) is g(n; ζ) := e πγχ √ ζ n .
An area patch of level n of the generation ζ may decay into the level n ′ -th of the generation ζ ′ , where
In this process, the degeneracy g(n; ζ) changes into g(n ′ ; ζ ′ ). By the use of (23), the transition into a lower level changes the degeneracy by a factor of e
. According to the relation (2), this quantum of area is equivalent to the emission of the frequency ω = (γχc
Nonetheless, in addition to the degeneracy change, the rate of the production of a frequency from different pairs of levels contribute in defining the transition probability. In fact, since in harmonic emissions both of the initial and final levels belong to the same generation, the same quantum leap may occur in lots of other pairs of levels of the same generation. This is not the case for non-harmonics. By definition, the irrational numbers √ ζ that area eigenvalues are proportional to cannot be decomposed into a sum of other irrational numbers. Accordingly, Lemma 2 approves that the difference ∆a = a(ζ) − a ′ (ζ ′ ), if ζ = ζ ′ , is unique and cannot be produced by considering any other two levels. Therefore, a non-harmonic quantum is emitted only from one pair of levels. In fact, in the continuum spectrum of radiation, the population of any one of harmonics exceeds the population of any one of the non-harmonics.
The 'population' of a quantum of energy is defined as the number of different pairs of area levels that produce the same quantum. This number can be normalized to one by the use of the maximum population number, say N o , which is the maximum population, belonging to the fundamental frequency of the generation whose corresponding gap between levels is the smallest. The population weight of the frequency ω is defined as ρ(ω) = N/N o , where N is the number of pairs of levels that produce the same frequency ω. Therefore, it is clear that the population weight of non-harmonics is 1/N o .
In our navigation for determining the probability of a specific frequency emission the third axiom is introduced:
Axiom 3: The density matrix elements for quantum transitions between near levels are uniform.
Having assumed this, the probability of a jump is only proportional to the change of degeneracy as well as the population weight. Therefore, the conditional probability of a decay of typical frequency ω = (γχc
by the use of (23) is
where
The normalization relation of the probability determines C. It is defined to be
Since the probability of a typical frequency ω is determined from P ∆t ({ω}) = P ∆t ({ω} | 1) P ∆t (1) . By the use of (22) and (24) for j = 1,
In the case of generational decays, the positivity condition
The conditional probability of the frequency ω m := m̟(ζ) emission, where m = n − n ′ , by the use of (19) and (24) reads
Given a black hole of horizon area A, between two different generations the one with smaller gaps between levels provides more levels up to the maximum value A. Accordingly, a generation with smaller gaps between levels produce more harmonics. Since the gap between the levels is (4πγχ √ ζ) ℓ 2 P by the use of (18) the number of levels below the horizon area is N := A/(4πγχ √ ζ)ℓ 2 P . On the other hand, the number of m-level jumps down a ladder of total N levels is N − m. In a classical black hole N is extremely large, hencefore the population weight of the harmonics of frequency ω m (ζ) for m ≪ N is ρ(ζ) = N/N o = ζ o /ζ, where ζ o is the generation with the minimal gap between levels. Dropping the constant coefficient √ ζ o from the definition, the population weight of small harmonics is
Since the probability of the harmonic frequency ω n (ζ) is defined by P ∆t ({ω n (ζ)}) = P ∆t ({ω n (ζ)} | 1) P ∆t (1) . By the use of (27) and (22) for j = 1, one can write the probability of the harmonic frequency
Substituting this population weight of (29) in (30) the probability of emission the m-th harmonic frequency (m ≪ N) of any generation is found. ◭ The spectrum of non-harmonics is almost continuous except at zero and the harmonics, ω ′ ∈ R + −{0}−{harmonics}. These frequencies are all uniformly weighted by ρ = 1/N o . Since the population of harmonics is much more than the non-harmonics, we can approximate the population of a harmonics to be N − 1 instead of N and add the one copy of each harmonic into the above mentioned set of frequencies in order to fill the gaps. Doing so, the equally weighted set of frequencies ω ′ ∈ R + − {0} is provided. By the use of (24) and (27) , in the classical limits (N o ≫ 1), the normalization coefficient reads
By the use of the algebraic relation
, the internal sum in C is summarized. Consequently, the normalization coefficient becomes
It is useful to check the finiteness of the normalization coefficient C.
◮ The finiteness of C: for the purpose of simplicity the definition q(ζ) = exp(πγχ √ ζ) can be rewritten q(ζ) := h √ ζ , where h := exp(πγχ) is in both groups greater than 1.
The Cauchy root method of convergence test is such that for series like n a n , if the value of lim n→∞ |a n | 1/n is smaller than one, the series converges. In the series sum of C, this condition reads
Therefore C is a finite number. 7 ◭
Next step is to generalized this probability for a sequence of j successive emissions of different frequencies.
◮ The probability of a sequence of emissions: following the Axiom 1, the generalized probability of a sequence of harmonics is P ∆t ({ω 1 , ω 2 , · · · , ω j }), where the frequencies can be harmonics or non-harmonics. Let us assume the time interval is made of S fragments of smaller time intervals, ∆t = Sǫ, where S ≫ j and each one of the j decays occurs in one fragment of time ǫ. There are S!/j!(S − j)! number of ways for selecting j jumping intervals out of total S time intervals. This number of ways for the case of S ≫ j is approximated to S j /j!. In the overall jǫ moment intervals out of S ones, the black hole successfully decays and in the rest of time, (S − j)ǫ, it fails to decay. The probability of j emissions is thus (S j /j!)P ǫ (0)
s from (30), the probability is:
Since due to their rare population the probability of the emission of non-harmonics is negligible, the presence of r non-harmonics in a sequence of frequencies decreases the probability of the sequence by a factor of (1/N o ) r . In the classical black holes these corrections in the intensity of lines are factored out. In fact, the complete harmonic frequencies take a major contribution to determining the intensities of harmonic frequencies.
Let us consider now a sequence of harmonic emissions of different generations, {ω n 1 (ζ 1 ), ω n 2 (ζ 2 ), · · · , ω n j (ζ j )}. According to (27) and (34) the probability of the 7 Numerical work can estimate the range of C. Substituting ρ from (29) and Barbero-immirzi parameter from [10] 
In the SU (2) representation, where ζ ∈ B and χ = 1/2, turn out to be C = 2.01, whilst in the SO(3) representation group, where ζ ∈ A and χ = √ 2, it is C = 0.93.
sequence is
By the use of the probability of j decays in the course of time ∆t from (22), the generalized conditional probability of a sequence of harmonics is found
This conditional probability turn out to be independent of time.◭
The intensity of a harmonic frequency depends on the average number of the emission in the course of time. This average number depends on the probability of k emissions of the emissive frequency in any sequence of dimension j ≥ k.
◮ The probability of emission k quanta of the same frequency: Let us assume that among the j emissions there exist k quanta of the frequency ω n k (ζ k ) and the rest j − k frequencies belong to other frequencies. Consider the j dimensional sequence {ω n 1 (ζ 1 ), ω n 2 (ζ 2 ), · · · , ω n k (ζ k ), · · · , ω n k (ζ k ), · · · , ω n j (ζ j )} in which there are k quanta of the same frequency ω n k (ζ k ). If the black hole makes j decays such that k of them are of the same frequency ω n k (ζ k ), (for k ≤ j), there are k!/j!(j − k)! ways to select these k quanta. The probability of each selection due to (36) is
where in the product part of it the frequencies are any frequency except ω n k (ζ k ).
For the purpose of determining the probability of k emissive quanta of the frequency ω n k (ζ k ) in a j dimensional string included all possible accompanying frequencies, P ∆t (k | ω n k (ζ k ), j), we should sum over the probabilities (37) for all possible frequencies associated to the accompanying frequencies, all frequency values except ω n k (ζ k ). Since the non-harmonic emissions are continuous sum over non-harmonics is effectively evaluated by integral. We must consider different cases for the j − k accompanying emissions: the case that none of the j − k frequencies is non-harmonic, the case that only one of them is non-harmonic, etc.. Therefore the conditional probability is
Substituting ρ, the contribution of a non-harmonic emissin becomes (1/N o )(1 − e −Λω k ). By the use of the equality (32) the sum all ζ n =n k ρ(ζ)q(ζ) −n gives rise to
Therefore, the probability becomes
In the classical limit, 1/N o → 0, inside the bracket all terms with the factor 1/N o are higher order corrections to the probability. For the purpose of determining the intensity, it is sufficient to consider only the first order term. Effectively this probability is
We multiply this conditional probability by the absolute probability distribution P ∆t (j) in equation (22) and sum over all j ≥ k in order to provide the probability of
by replacing a, b with j, k respectively in the second line, the probability distribution of the emission k quanta of frequency ω n k (ζ k ) is determined,
where x n (ζ) := (∆t/Cτ ) ρ(ζ)q (ζ) −n . This probability turns out to be Poisson-like distribution◭.
◮ Intensity: by definition, the intensity of ω n k (ζ k ) is the total energy that is emitted at this frequency and unit time per unit area. Let us consider a black hole whose size is much greater than the Planck length size, A ≫ l 2 P . Since the emissions of diverse frequencies are independent, the total energy of a frequency is the average number of quanta emitted at that frequency times the energy of the frequency.
Using (39), this average number of quanta of this frequency is
Since the mean value of the number of quanta emitted at a typical harmonic frequency ω n (ζ) is proportional to ∆t as well as ρ(ζ)q(ζ) −n , the intensity of a typical line ω n (ζ) is
where I o is a constant. ◭ ◮ Temperature: In the thermal radiation from a black body the number of quanta in a frequency is distributed by the Poisson function, according to (39). To see the consistency of the Poisson distribution with the thermal distribution of a black body consider the radiation from a black body at a given temperature T . According to the definition of black body, the number of a typical frequency ω that are emitted from within the body is determined by the Boltzmann function, P T (ω) = B exp(− ω/k B T ), where B is a normalization constant, B = 1/ ω exp(− ω/k B T ), (similar to (27) ) and k B is Boltzman constant. The probability of k quanta emissions of a specific frequency ω k in a j dimensional sequence of decays is
Summing over all accompanying frequency except ω k , the conditional probability is
Comparing this conditional probability and the one of (38), they are equivalent for any frequency ω n if the coefficients of the two exponents are equal /k B T = 8πGM/c 3 . From this analogy between a black body radiation and a black hole, one may conclude the radiation is indeed thermal and the temperature associated to the black hole is
This simply means that a black hole is really hot!◭ Let us now determine τ for a generation ζ.
◮ Width of lines: since the probabilities of (24) and (27) are normalized, the mean value of the emitting frequencies is
The second term for a classical black hole is negligible comparing to the first term. Using (27) and the algebraic formula
2 , where x < 1, the mean value of the frequency of a generation ζ turns out to be (1/C) ̟(ζ) ρ(ζ)q(ζ)/ (q(ζ) − 1)
2 and therefore the mean value of all frequencies be-
Using (19) and (29), we can rewrite the equation in the from ω
To check the convergence of the sequence ζ q(ζ)/(q(ζ) − 1) 2 via the Cauchy's convergence test, since the real free index in the function
ζ should be considered. By the use of the definition of
This summation converges. Let us rewrite the sum by the use of the definition
By the use of the probability of decays in (22) , the mean value of the dimension of the emission sequences j is ∆t/τ . Thus, the mean decrease of the mass of black hole during the course of ∆t is
On the other hand, the Stefan-Boltzmann law of black-body radiation from a black hole of horizon area A and surface temperature (42) indicates that the radiance rate 8 Following the footnote number (7), numerical work in indicates that by substituting γ = ln 3/π √ 2 the coefficient η in the SU (2) representation turns out to be η = 9.0, while it is η = 1.7 in the SO(3) group representation. By the use of the numerical values of C, the mean value of frequency ω is either about 11ω o in SU (2) group or about 15ω o in SO(3) group.
from the black hole is
Comparing these two radiance rates of (46) and (45) we can evaluate τ ,
where according to the footnotes (8) and (7) η is either 9 (or 1.7) in SU(2) (or SO (3)) group representation.
By definition in (22) τ is the time rate of emissions. On average the time elapsed before decay of any frequancy is
where τ is 'mean lifetime'. It is easy to calculate the uncertainty of time,
Therefore, due to the uncertainty principle ∆E∆t ≥ /2 and the definition of the frequency by energy, E = ω, the uncertainty of the frequency turns out to be ∆ω ≃ 1/τ . Therefore, w = 1/τ is proportional to the width of emission frequencies. Due to (47) the ratio width is
The order of lines width ratio is a few thousandth and it gets decreased as n grows up. Since the wave length gap between two consecutive lines of the order of the black hole radius, the radiance lines of each generation are narrow, unblended, and thus recognizable.
9 ◭ 9 To estimate the order of it, let us substitute the numerical values that are provided after γ = ln 3/π √ 2. In SU (2) representation, where χ = 0.5, η = 9.01, and C = 2, the ratio becomes w/ω(ζ) = 0.003/ √ ζ. In SO(3) group representation, χ = √ 2, η = 4.7, and C = 0.93 the ratio turns out to be w/ω(ζ) = 0.0003/ √ ζ. Comparing the intensities corresponding to the frequencies ω n (ζ) = n̟(ζ) and ω m (ζ ′ ) = m̟(ζ ′ ), depending on whether the generations are the same or not, there exist two cases:
(i) In a generation, ζ = ζ ′ , the relative intensity of two harmonic frequencies is
(ii) In different generations, ζ = ζ ′ , the relative intensities of the two modes ω n (ζ) and ω n ′ (ζ ′ ) is
Graphically, in Fig. (4) the intensities of harmonic frequencies corresponding to two different generations are shown in two different colors. The spectrum of harmonic frequencies corresponding to the fundamental frequency ̟(ζ) is in black and the ones corresponding to ̟(ζ ′ ) (for ω(ζ ′ ) > ω(ζ)) is in red (the thicker set of bar lines).
The envelop of each generation matches with the one of Hawking and Bekenstein semiclassical result.
Consider three consecutive harmonic frequency modes ω 1 , ω 2 and ω 3 where ω i = n i ̟(ζ i ) for i = 1, 2, 3. Obviously ω 1 < ω 2 < ω 3 . Since n 1 , n 2 , and n 3 are arbitrary integers in general, let us assume that the fundamental frequencies ̟ 1 and ̟ 3 , associated to the frequencies ω 1 and ω 3 respectively, are equal and the double of the fundamental frequency ̟ 2 associated to ω 2 ; (̟ 1 = ̟ 3 and ̟ 1 = 2̟ 2 ). Let us assume n 3 = n 1 + 1 and n 2 = 2n 1 + 1 which has no contradiction to be in the desired order. Comparing the intensities associated to these three lines from (51), it turns out that the intensity of ω 2 is doubled, thus the middle line is much brighter than the two nearby ones. In addition, non-harmonic lines are also present in the spectrum but since their intensities have been derived to be extremely suppressed, they do not blend the discreteness.
The maximum intensity can also be specified by taking the derivative of (40) with respect to the harmonic number n. It is easy to verify that the extremum occurs about the value ω * ∼ 1/Λ = c 3 /8πGM. Therefore, the most bright lines are of the harmonics number n * ∼ (γχ √ ζ) −1 , for integer values of n * . Since the maximum intensity corresponding to the frequency is I max ∼ ζ −1/2 , it should belong to a few of the harmonics of the generations with minimal fundamental frequencies.
VI. DISCUSSION
The discreteness of area eigenvalues comes about the canonical quantization of 3-geometry because it is supposed that geometry has a distributional character with 1-dimensional excitations. Having this, firstly in section (IV) it was demonstrated that the complete spectrum of area eigenvalues can be split into infinite equidistant sequences of numbers (the so-called 'generations'). Each generation possesses an individual gap between levels, which is proportional to the square root of either a square-free number in SO(3) representation, or the discriminant of a positive definite quadratic form in SU(2) representation. In other words, the eigenvalues of area operator, instead of being labeled by three different quantum numbers j u , j d and j u+d , can be reformulated only by two indices; one identifies the generation and the second one identifies the level in that generation. In fact, due to the non-trivial existence of evenly spacing symmetry in the area eigenvalues, the presence of a third index is redundant.
Following the near-horizon state paradigm, the horizon area state is the spin network area state associated to the near-horizon region. The energy operator, introduced by the operator-promoted relation between area and mass of a Schwarzschild black hole, A ∝ M 2 , acting on the horizon area state can identify the possible quanta of energy. These quanta of energy correspond to the transition from a stable horizon state into another stable state of smaller macroscopic area. Therefore, it is possible that a classical black hole of center of mass M 1 , due to the quantum geometrical fluctuations, radiates the quantum of energy µ and reaches to another stable state of center of mass M 2 , such that M 1 > M 2 + µ. Canonical quantization of space describes that effectively a continuous spectrum of frequencies are radiated from such a black hole. Nonetheless, among all radiance quanta there exist a subset of discrete frequencies, the so-called harmonic frequencies, in a broad range of energy scales which take additional intensities due to their transition amplification. This amplification arise from two fact: 1) the additional area eigenstates present in quantum surfaces excluded by the classical isolated horizon boundary conditions, and 2) the interesting symmetry in the complete spectrum of area eigenvalues such that it can be split into evenly spaced sub-sequences. Therefore, the radiation emitted as the black hole decays is bright in lines at integer multiples of a set of fundamental frequencies associated to the generations.
The brightness of the frequencies were all worked out. It is revealed that the smaller a fundamental frequency is, the more intense the corresponding harmonics of the generation become. According to Figure (5) the most bright lines in various energy scales of the spectrum belong to a few of the first generations. Since they are sufficiently narrow and apart from each other the discrimination of intensities can be manifested to observation. In other words, from the canonical quantization of general relativity it is expected that a non-rotating neutral black hole radiates in a visually discrete pattern. This conclusion differs from Hawkings semi-classical and Mukhanov and Bekenstein's quantized predictions, even for massive black holes.
The precise spectroscopy depends on the exact value of the Barbero-Immirzi parameter as well as the group representation of spin network states. For instance, the minimal fundamental frequency (the most bright generation) in SO(3) representation is ̟(ζ = 1) = √ 2 γω o , while it is ̟(ζ = 3) = ( √ 3/2) γω o in SU(2) representation.
Comparing the black body radiation with the radiance pattern of a canonically quantized black hole, a temperature is associated with the quantum black hole which coincide with the known value. The analogy approves that the quantum black hole radiation is thermal. The thermal character of the radiation is entirely due to the degeneracy of the levels, the same degeneracy that becomes manifest as black hole entropy.
Some of the special predictions of canonical quantization of black holes are 1) the radiation is effectively continuous, however due to the quantum amplification effect it is visually discrete to observation, and 2) the gaps between the bright lines is not necessarily constant.
These predictions can be amenable to experimental check if the primordial black holes are found. Recently, a number of different efforts have been put on the discovery of the radiance patterns of different types of black holes, [27, 28] . In the case that the primordial black holes constitute an essential part of dark matter in our galaxy, the observation of a few of their most bright radiance lines can be within the modern sensitivity and can be possibly distinguished from the radiation of other objects. Based on the intensity pattern of figure (5), the expected radiance spectrum of a canonically quantized black hole is generated in low energy spectroscopy in figure (6) . If the actual spectrum of black radiation is effectively discrete, the detection of a few of the most bright lines will be adequate to justify experimentally this prediction.
It should also be noted that this radiation, if is associated to the primordial black holes, it is far beyond the trans-Planckian problem of inflationary cosmology. The trans-Planckian problem refers to the derivation of physical quantities from quantum field theory beyond the Planck scale. However, the proposed spectroscopy is based on a version of quantum gravity in which the difficulties within the semiclassical approximation does not exist.
Among important questions that might be asked about such a kind of quantum black holes, there are: 1) What is the Planck scale corrections to the black hole entropy? 2) How can the very black hole spin network state be identified? There are also some other interesting questions from the experimental point of view that deserve investigation in more details: 3) What is the correlation between the BarberoImmirzi parameter and the expected spectrum of the most bright lines in a typical spectroscopy? 4) How far are we from detecting this pattern? It will be also interesting to see if a similar pattern can be illustrated for near extremal black holes in supergravity and string theories. If f is a form of integer m, we can rewrite the definition of a form as 4am = (2ax + by) 2 − ∆y 2 . In the case that ∆ is a perfect square number the right hand side is written in the form (2ax + by + y √ ∆)(2ax + by − y √ ∆). In this case the different representations of solutions are degenerate and thus indistinguishable. These forms are of this note.
In the case of ∆ < 0, it is clear from 4am = (2ax + by) 2 − ∆y 2 that for any representation (x, y), m and a (and c) are of the same sign. A forms whose corresponding discriminant is negative is called a 'definite form' and if m is positive, it is called a 'positive definite form'.
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By substituting the positive a and c in f (x, y) = ax 2 + bxy + cy 2 , if the form for any representation (x, y) become positive and the discriminant becomes negative, the form is a definite positive quadratic form. For instance, (a = 1, b = 1, c = 1) defines a positive definite form whose corresponding discriminant is -3 and its negated value is the first element of B. The second element is produced after (a = 1, b = 0, c = 0).
To verify that this sequence is the congruent to either 0 or 3 mod4, it is enough check the consistency of the negated discriminant −∆ = 4ac − b 2 with this congruent.
It is clear that b 2 is congruent to 0 or 1 (mod4). Also, 4ac is the congruent to 0 mod4.
Therefore, −∆ is congruent to 0 or 3 (mod4). ◭
